
The University of Western Australia
DEPARTMENT OF MATHEMATICS AND STATISTICS

BLAKERS MATHEMATICS COMPETITION

2019 Problems

The Competition begins Friday, 24 May and ends Friday, 9 August 2019.
You may use any source of information except other people. In particular, you may use

computer packages (though contributed solutions are expected to have complete mathematical
proofs). Extensions and generalisations of any problem are invited and are taken into account
when assessing solutions. Also, elegance of solution is particularly favoured and desired. We
reserve the right to not read a solution if it is “messy”; we expect neat solutions (so perhaps
avoid submitting a first draft).

Solutions are to be mailed or given to Greg Gamble, School of Mathematics and Statistics,
The University of Western Australia, Crawley, 6009 before 4pm on Friday, 9 August.

Remember, you don’t have to solve all the problems to win prizes!

Instructions for solutions: Include a cover page with your name, student ID number, home
address, e-mail address, university where enrolled, and the number of years you have been
attending any tertiary institution. Please, start each problem on a new page, number
all your pages, and write your name on every page. A hardcopy of your entry is desirable,
and should be posted to the above mailing address. It is sufficient to submit a PDF-scanned
copy (and recommended, even when a hardcopy has been submitted); these should be emailed
to greg.gamble@uwa.edu.au.

Note. Our convention is that N = {1, 2, . . . } (the positive integers).

1. Distantly complex

We randomly choose two real numbers b and c (not necessarily distinct) in the interval [0, 1].

What is the probability that the roots of the equation

z2 + bz + c = 0

are a distance of at most 1 apart, in the complex plane?

2. Diagonally diverse

In the Euclidean plane R2, let P be a convex polygon (not necessarily regular) having 21
sides. If we draw all the diagonals of P (that is to say all the lines joining two vertices
of P not connected by one side), at least two of these diagonals will form an angle whose
measurement is less than 1◦.

True or false?
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3. cos-sec salad

What is the following product? (i.e. simplify the expression as much as is possible.)

2019∏
n=4

(
2 cos(2n ◦)− sec(2n ◦)

)
=
(
2 cos(16◦)− sec(16◦)

)(
2 cos(32◦)− sec(32◦)

)
· · ·
(
2 cos(22019◦)− sec(22019◦)

)
.

4. Maximum product

In the Euclidean plane R2, let P be a regular polygon of n vertices, inscribed in a circle C
of radius r.

For which points X of C is the product of the distances from X to the vertices of P
maximised?

5. Irractible distraction

A set E of points of Euclidean space Rn is said to be irractible (not to be confused with
irascible, which is a nasty condition), if every point of Rn is at an irrational distance from
at least one point of E.

If I(n) denotes the smallest number of points in an irractible set of Rn, what is the value of
I(n) for each n ∈ N?

6. n-tertaining sequences

For each n ∈ N, define a sequence whose initial element is n. Then form the next element, by
dividing by 3, if the element is a mutiple of 3, or add 10, and repeat this rule for susbequent
elements. For example, if n = 16, we obtain

16, 26, 36, 12, 4, 14, 24, 8, 18, 6, 2, 12, 4, 14, . . . .

Observe that the example sequence becomes periodic (of period 8) starting from the 4th term.

For what n ∈ N is the associated sequence periodic from a certain term on, and what is the
period of this “sequel” of the sequence?

7. Well-proportioned triangle

In the Euclidean plane R2, we denote by A,B,C the measurements of the angles of a triangle
and by a, b, c, respectively, the lengths of the sides opposite these angles.

Given that
cosA

2
=

cosB

9
=

cosC

12
,

what are the proportions of the triangle, i.e. what is a : b : c?
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8. Winning resolution

A row of n empty boxes is drawn on a sheet of paper. Alice and Bob then play a game. In
turn, each of them writes one of the two letters “A” or “H” in an empty box. The winner
is the first to complete the writing of “AHA” in 3 adjacent boxes, as shown in the following
diagram.

A H A

For which values of n, greater than 2, does Alice, who plays first, have a winning strategy,
regardless of what Bob does?

9. Fractionally continuous

Given a =
1

2 +
1

3 +
1

. . .
+

1

2018

and b =
1

2 +
1

3 +
1

. . . +
1

2018 +
1

2019

,

prove that |a− b| < 1

2018! 2019!
.

10. Continuously even-to-one

Is there a continuous function f : [0, 1] → R such that, for every r ∈ R, the number of
solutions x ∈ [0, 1] of the equation f(x) = r is an even non-negative integer?


